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4-1             تعادل 
نداشته  یا چرخشی  یا جسم مادی هیچ گونه حرکت و  تعادل آن است که ذره  مفهوم 

باشد.
به منظور بررسی تعادل اجسام، آن ها را به دو حالت در نظر می گیریم.

1- نقطه مادی
2- جسم صلب                        .

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- مفهوم تعادل را توضیح دهد.

2- شرط تعادل نقطة مادی را بیان کند.
3- پیکر آزاد ذرة مادی را ترسیم کند.

4- شرط تعادل نقطة مادی را در مسائل به کار گیرد.
5- شروط لازم برای تعادل جسم صلب را توضیح دهد.

6- انواع تکیه گاه ها را بشناسد.
7- پیکر آزاد اجسام تحت تأثیر نیروهای مختلف را ترسیم کند.

8- عکس العمل های تکیه گاهی را در اجسام محاسبه کند.
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4-1-1- تعادل نقطة مادی
با توجه به تعریف نقطة مادی در فصل اول، نیروهای وارد به جسم در یک نقطه متقارب 

خواهند بود و شرط تعادل در این حالت آن است که برآیند نیروهای وارده صفر باشد یعنی:
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در صفحه مختصات دکارتی رابطة )4-1( را می توان به صورت زیر نوشت:
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در شکل )4-1- الف( چنان چه 
از ابعاد قطعات اتصال صرف نظر شود، 
وضعیت نیروها به صورت شکل )1-4- 

ب( خواهند بود.

شکل 1-4

for all sections. We assume here that the weight of the member is small
compared with the force it supports. If it is not, or if we must account
for the small effect of the weight, we can replace the weight W of the
member by two forces, each W/2 if the member is uniform, with one
force acting at each end of the member. These forces, in effect, are
treated as loads externally applied to the pin connections. Accounting
for the weight of a member in this way gives the correct result for the
average tension or compression along the member but will not account
for the effect of bending of the member.

Truss Connections and Supports
When welded or riveted connections are used to join structural

members, we may usually assume that the connection is a pin joint if
the centerlines of the members are concurrent at the joint as in Fig. 4/5.

We also assume in the analysis of simple trusses that all external
forces are applied at the pin connections. This condition is satisfied in
most trusses. In bridge trusses the deck is usually laid on cross beams
which are supported at the joints, as shown in Fig. 4/1.

For large trusses, a roller, rocker, or some kind of slip joint is used
at one of the supports to provide for expansion and contraction due to
temperature changes and for deformation from applied loads. Trusses
and frames in which no such provision is made are statically indetermi-
nate, as explained in Art. 3/3. Figure 3/1 shows examples of such joints.

Two methods for the force analysis of simple trusses will be given.
Each method will be explained for the simple truss shown in Fig. 4/6a.
The free-body diagram of the truss as a whole is shown in Fig. 4/6b. The
external reactions are usually determined first, by applying the equilib-
rium equations to the truss as a whole. Then the force analysis of the re-
mainder of the truss is performed.

4/3 Method of Joints
This method for finding the forces in the members of a truss con-

sists of satisfying the conditions of equilibrium for the forces acting on
the connecting pin of each joint. The method therefore deals with the
equilibrium of concurrent forces, and only two independent equilibrium
equations are involved.

We begin the analysis with any joint where at least one known load
exists and where not more than two unknown forces are present. The
solution may be started with the pin at the left end. Its free-body dia-
gram is shown in Fig. 4/7. With the joints indicated by letters, we usu-
ally designate the force in each member by the two letters defining the
ends of the member. The proper directions of the forces should be evi-
dent by inspection for this simple case. The free-body diagrams of por-
tions of members AF and AB are also shown to clearly indicate the
mechanism of the action and reaction. The member AB actually makes
contact on the left side of the pin, although the force AB is drawn from
the right side and is shown acting away from the pin. Thus, if we consis-
tently draw the force arrows on the same side of the pin as the member,
then tension (such as AB) will always be indicated by an arrow away

176 Chapter 4 Structures

Figure 4/5

Figure 4/6
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4-1-1-2- پیکر آزاد جسم 
به منظور بررسی تعادل اجسام، لازم است ابتدا جسم را از محیط اطراف خود جدا نموده و 
نیروهای وارد بر آن را در راستاهای موجود نمایش دهیم که به این عمل، ترسیم پیکر آزادجسم1 

گفته می شود.

در شکل )4-2( وزنة 20N توسط سه رشته کابل AB و BC و BD نگهداری شده 
است. چون کابل ها فقط نیروی کششی را تحمل می نمایند بنابراین نیروهای وارد به نقطه B به 

صورت کششی بوده و پیکر آزاد آن مطابق شکل )4-3( خواهد بود.

نکته:
کمک  به  سپس  و  نموده  ترسیم  آن را  آزاد  پیکر  ابتدا  مادی،  نقطة  تعادل  مسائل  حل  در 

معادلات تعادل )4-2( مجهولات مسئله را محاسبه می نمائیم.

1- FBD (Free Body Diagram)

شکل 2-4

شکل 3-4

20N

45°

45°

20 N
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حل:
گام اول( با توجه به این موضوع که تمامی نیروها به نقطه A وارد می شوند بنابراین پیکر 

که  می دانیم  می گردد.  ترسیم   A مادی  نقطه  آزاد 
بنابراین نیروی  کابل ها همیشه رفتار کششی دارند 
 TAC و TAB را به ترتیب با AC و AB کابل های
نمایش  را  کدام  هر  زوایای  و  کششی  صورت  به 

می دهیم.

مثال 1
کشش کابل های AB و AC را در سامانة در حال تعادل زیر به دست آورید.

 y و x گام دوم( تعیین محورهای مختصات
روی نقطه A و تجزیه نیروها در این دستگاه 

مختصات

60°30°

50kN

TABsin60

TACsin30TAC

TAB

A

y

x
TACcos30 TABcos60

60°30°

50kN

A

TAB
TAC

60°

30°

w=50kN

A

B

C
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4-1-2- تعادل جسم صلب
در قسمت قبل بنا به فرض، اجسام را به عنوان یک نقطه مادی در نظر گرفتیم. در حالی که چنین 
فرضی همیشه امکان پذیر نخواهد بود و نمی توان از ابعاد جسم صرف نظر نمود بنابراین در این حالت 
نیروها در یک نقطه متقارب نخواهند بود و علاوه بر حرکت، امکان دَوَران )گشتاور( جسم تحت تأثیر 

نیروهای وارده نیز وجود دارد. لذا شرط تعادل در مورد اجسام صلب به صورت زیر خواهد بود:
1- برای این که جسم در راستای محور x جابه جایی نداشته باشد باید:
2- برای این که جسم در راستای محور y جابه جایی نداشته باشد باید:

3- برای این که جسم چرخش نداشته باشد باید:

X

Y

F
F
M

0
0
0

Σ = ←
Σ = ←
Σ = ←

گام سوم( تشکیل معادلات تعادل )4-2( و حل آن ها تا رسیدن به خواسته های مسئله

Ιرابطه

ΙΙ رابطه

چون حل هر یک از معادلات فوق با وجود دو مجهول امکان پذیر نیست بنابراین آن ها را 
در یک دستگاه دو معادله دو مجهولی قرار داده که با استفاده از روش های مختلف قابل 

حل است.
در این جا از معادله اول یکی از مجهولات را بر حسب دیگری محاسبه و در معادله دوم قرار 

می دهیم تا یکی از مجهولات حذف شود:
از رابطه Ι نتیجه می شود

مقدار TAB را در رابطه ΙΙ قرار داده خواهیم داشت:

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

AC
AB AB AC

T cosT T / T
cos

30 1 73
60

⇒ = ⇒ = ΙΙΙ رابطه

ΙΙΙ از رابطة

AC AC AC

AC

AC

AB

AB

/ T sin T sin T

T

T kN

T /

T / kN

1 73 60 30 50 0 2 50 0
50
2

25

1 73 25

43 25

× + − = ⇒ − =

=

⇒ =

⇒ = ×

⇒ =

 

حال مقدار TAC را در رابطة ΙΙΙ قرار می دهیم:

)3-4(

م مربوط به این موضوع را ببینید.
فیل
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4-2             انواع تکیه گاه ها و عکس العمل های آن ها 
برای بررسی تعادل اجسام صلب، همانند نقاط مادی باید ابتدا پیکر آزاد آن ها را ترسیم 
نمود. برای این منظور، باید جسم را از محیط اطراف آن جدا نمائیم و چون اجسام بر روی 
تکیه گاه هایی قرار دارند که با توجه به نوع آن ها مانع از حرکت )جابه جایی( و یا چرخش 

جسم می گردند، لازم است ابتدا تکیه گاه ها و عکس العمل های آن ها را معرفی نمائیم.
تعریف عکس العمل تکیه گاهی 

حفظ  جهت  در  تکیه گاه  که  است  واکنشی  اجسام  تکیه گاهی  عکس العمل  از  منظور 
تعادل آن ها از خود نشان می دهد و مانع از حرکت و یا دوران جسم مورد نظر می شود.

4-2-1- انواع تکیه گاه ها 
الف( تکیه گاه غلطکی )یک مجهولی( 

عبارت است  از تکیه گاهی که تنها یک عکس العمل آن هم عمود بر سطح اتکای خود 
دارد؛ همانند چرخ اتومبیل روی سطح بدون اصطکاک.

ب( تکیه گاه مفصلی )دومجهولی( 
به تکیه گاهی گفته می شود که دارای دو عکس العمل می باشد؛ یکی مماس بر سطح اتکا 

و دیگری عمود بر آن خواهد بود.
ج( تکیه گاه گیردار )سه مجهولی( 

تکیه گاهی است که دارای سه عکس العمل به شرح زیر
 می باشد:

1- مماس بر سطح تکیه گاه
2- عمود بر سطح تکیه گاه

3- عکس العمل دورانی
د( تکیه گاه میله ای

منظور از میله عضوی کوتاه است که در دو انتهای خود به صورت لولا یا مفصل متصل شده 
باشد. عکس العمل تکیه گاه میله ای در راستای میله و به صورت کششی یا فشاری خواهد بود.

ه( تکیه گاه کابلی:
هر گاه جسم توسط کابل به تکیه گاه متصل شود، عکس العمل کابل به صورت کششی 

و در راستای آن خواهد بود.
در جدول )4-1( انواع تکیه گاه ها و عکس العمل های آن ها معرفی شده اند.

م مربوط به این موضوع را ببینید.
فیل
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جدول )4-1( انواع تکیه گاه
ف

ردی

گاه
کیه 

ع ت
نو

شکل واقعی شکل شماتیک عکس العمل های 
تکیه گاهی

1

کی
لط

غ

2

لی
ص

مف

3

دار
گیر

4

ای
له 

می

5 لی
کاب

3/4 The uniform beam has a mass of 50 kg per meter of
length. Determine the reactions at the supports.

Problem 3/4

3/5 The 500-kg uniform beam is subjected to the three
external loads shown. Compute the reactions at the
support point O. The x-y plane is vertical.

Problem 3/5

3/6 Calculate the force and moment reactions at the bolted
base O of the overhead traffic-signal assembly. Each
traffic signal has a mass of 36 kg, while the masses of
members OC and AC are 50 kg and 55 kg, respectively.
The mass center of member AC is at G.

Problem 3/6
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PROBLEMS
Introductory Problems

3/1 The 50-kg homogeneous smooth sphere rests on the
incline A and bears against the smooth vertical

wall B. Calculate the contact forces at A and B.

Problem 3/1

3/2 A carpenter holds a 12-lb 2-in. by 4-in. board as shown.
If he exerts vertical forces on the board, determine
the forces at A and B.

Problem 3/2

3/3 The weight of the bicycle is 29 lb with center of grav-
ity at G. Determine the normal forces at A and B
when the bicycle is in equilibrium.

Problem 3/3

G
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write the appropriate equations of equilibrium, which can then be
analyzed.

Modeling the Action of Forces
Figure 3/1 shows the common types of force application on mechani-

cal systems for analysis in two dimensions. Each example shows the
force exerted on the body to be isolated, by the body to be removed. New-
ton’s third law, which notes the existence of an equal and opposite reac-
tion to every action, must be carefully observed. The force exerted on
the body in question by a contacting or supporting member is always in
the sense to oppose the movement of the isolated body which would
occur if the contacting or supporting body were removed.

Article 3/2 System Isolation and the Free-Body Diagram 111

θ

θ

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS
Type of Contact and Force Origin

1. Flexible cable, belt,
chain, or rope

2. Smooth surfaces

3. Rough surfaces

4. Roller support

5. Freely sliding guide

Action on Body to Be Isolated

Force exerted by 
a flexible cable is 
always a tension away 
from the body in the 
direction of the cable.

Contact force is 
compressive and is 
normal to the surface.

Rough surfaces are 
capable of supporting 
a tangential compo-
nent F (frictional 
force) as well as a 
normal component 
N of the resultant 
contact force R.

Roller, rocker, or ball 
support transmits a 
compressive force 
normal to the 
supporting surface.

Collar or slider free to 
move along smooth 
guides; can support 
force normal to guide 
only.

θ

θ

Weight of cable
negligible

Weight of cable
not negligible

T

T

N

N

N

N

F

R

N N

Figure 3/1
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In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated

A freely hinged pin 
connection is capable 
of supporting a force 
in any direction in the 
plane normal to the 
pin axis. We may 
either show two 
components Rx and
Ry or a magnitude R
and direction   . A pin 
not free to turn also 
supports a couple M.

A built-in or fixed 
support is capable of 
supporting an axial 
force F, a transverse 
force V (shear force), 
and a couple M
(bending moment) to 
prevent rotation.

The resultant of 
gravitational
attraction on all 
elements of a body of 
mass m is the weight 
W = mg and acts 
toward the center of 
the earth through the 
center mass G.

Spring force is tensile 
if spring is stretched 
and compressive if 
compressed. For a 
linearly elastic spring 
the stiffness k is the 
force required to 
deform the spring a 
unit distance.
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Figure 3/1, continuedIn Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
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Figure 3/1, continued

3/4 The uniform beam has a mass of 50 kg per meter of
length. Determine the reactions at the supports.

Problem 3/4

3/5 The 500-kg uniform beam is subjected to the three
external loads shown. Compute the reactions at the
support point O. The x-y plane is vertical.

Problem 3/5

3/6 Calculate the force and moment reactions at the bolted
base O of the overhead traffic-signal assembly. Each
traffic signal has a mass of 36 kg, while the masses of
members OC and AC are 50 kg and 55 kg, respectively.
The mass center of member AC is at G.

Problem 3/6

36 kg 36 kg

55 kg

50 kg

7 m

4 m5 m 1
m

BA
G C

O

1.2 m 1.8 m

1.4 kN

15 kN·m
3 kN

x
C

AO B

1.8 m

30°

y

A

y

B

300 kg

2.4 m 1.2 m

130 Chapter 3 Equilibrium

PROBLEMS
Introductory Problems

3/1 The 50-kg homogeneous smooth sphere rests on the
incline A and bears against the smooth vertical

wall B. Calculate the contact forces at A and B.

Problem 3/1

3/2 A carpenter holds a 12-lb 2-in. by 4-in. board as shown.
If he exerts vertical forces on the board, determine
the forces at A and B.

Problem 3/2

3/3 The weight of the bicycle is 29 lb with center of grav-
ity at G. Determine the normal forces at A and B
when the bicycle is in equilibrium.

Problem 3/3

G

18.5″ 22.5″
A B

A
B

6′2′

30°
A

B

30�

In
 F
ig
. 3
/1
, E
xa
m
pl
e 
1 
de
pi
ct
s 
th
e 
ac
ti
on
 o
f 
a 
fle
xi
bl
e 
ca
bl
e,
 b
el
t,
 r
op
e,

or
 c
ha
in
 o
n 
th
e 
bo
dy
 t
o 
w
hi
ch
 i
t 
is
 a
tt
ac
he
d.
 B
ec
au
se
 o
f 
it
s 
fle
xi
bi
lit
y,
 a

ro
pe
 o
r 
ca
bl
e 
is
 u
na
bl
e 
to
 o
ff
er
 a
ny
 r
es
is
ta
nc
e 
to
 b
en
di
ng
, 
sh
ea
r,
 o
r 
co
m
-

pr
es
si
on
 a
nd
 t
he
re
fo
re
 e
xe
rt
s 
on
ly
 a
 t
en
si
on
 fo
rc
e 
in
 a
 d
ir
ec
ti
on
 t
an
ge
nt
 t
o

th
e 
ca
bl
e 
at
 it
s 
po
in
t 
of
 a
tt
ac
hm
en
t.
 T
he
 f
or
ce
 e
xe
rt
ed
 b
y
th
e 
ca
bl
e 
on
th
e

bo
dy
 t
o 
w
hi
ch
 it
 is
 a
tt
ac
he
d 
is
 a
lw
ay
s 
aw
ay
fr
om
 t
he
 b
od
y.
 W
he
n 
th
e 
te
n-

si
on
T
is
 la
rg
e 
co
m
pa
re
d 
w
it
h 
th
e 
w
ei
gh
t 
of
 t
he
 c
ab
le
, w
e 
m
ay
 a
ss
um
e 
th
at

th
e 
ca
bl
e 
fo
rm
s 
a 
st
ra
ig
ht
 l
in
e.
 W
he
n 
th
e 
ca
bl
e 
w
ei
gh
t 
is
 n
ot
 n
eg
lig
ib
le

co
m
pa
re
d 
w
it
h 
it
s 
te
ns
io
n,
 t
he
 s
ag
 o
f 
th
e 
ca
bl
e 
be
co
m
es
 i
m
po
rt
an
t,
 a
nd

th
e 
te
ns
io
n 
in
 t
he
 c
ab
le
 c
ha
ng
es
 d
ir
ec
ti
on
 a
nd
 m
ag
ni
tu
de
 a
lo
ng
 it
s 
le
ng
th
.

W
he
n
 t
he
 s
m
oo
th
 s
ur
fa
ce
s 
of
 t
w
o 
bo
di
es
 a
re
 in
 c
on
ta
ct
, a
s 
in
 E
xa
m
-

pl
e 
2,
 t
he
 f
or
ce
 e
xe
rt
ed
 b
y 
on
e 
on
 t
he
 o
th
er
 i
s 
n
or
m
al
to
 t
he
 t
an
ge
n
t 
to

th
e 
su
rf
ac
es
 a
n
d 
is
 c
om
pr
es
si
ve
. 
A
lt
ho
ug
h 
n
o 
ac
tu
al
 s
ur
fa
ce
s 
ar
e 
pe
r-

11
2

C
h
a
p
te
r 3

Eq
u
ili
b
riu
m

M
O
D
E
L
IN
G
 T
H
E
 A
C
T
IO
N
 O
F
 F
O
R
C
E
S
 I
N
 T
W
O
-D
IM
E
N
S
IO
N
A
L
 A
N
A
L
Y
S
IS
 (
co
n
t.
)

T
yp
e 
of
 C
on
ta
ct
 a
n
d 
F
or
ce
 O
ri
gi
n

6.
P
in
 c
on
n
ec
ti
on

7.
B
u
il
t-
in
 o
r 
fi
xe
d 
su
pp
or
t

8.
G
ra
vi
ta
ti
on
al
 a
tt
ra
ct
io
n

9.
S
pr
in
g 
ac
ti
on

A
ct
io
n
 o
n
 B
od
y 
to
 B
e 
Is
ol
at
ed

A
 f
re
el
y 
h
in
ge
d 
pi
n
 

co
n
n
ec
ti
on
 is
 c
ap
ab
le
 

of
 s
u
pp
or
ti
n
g 
a 
fo
rc
e 

in
 a
n
y 
di
re
ct
io
n
 in
 t
h
e 

pl
an
e 
n
or
m
al
 t
o 
th
e 

pi
n
 a
xi
s.
 W
e 
m
ay
 

ei
th
er
 s
h
ow
 t
w
o 

co
m
po
n
en
ts
R

x  
an
d

R
y  
or
 a
 m
ag
n
it
u
de
 R

an
d 
di
re
ct
io
n
   
. A
 p
in
 

n
ot
 f
re
e 
to
 t
u
rn
 a
ls
o 

su
pp
or
ts
 a
 c
ou
pl
e 
M
.

A
 b
u
il
t-
in
 o
r 
fi
xe
d 

su
pp
or
t 
is
 c
ap
ab
le
 o
f 

su
pp
or
ti
n
g 
an
 a
xi
al
 

fo
rc
e
F
, a
 t
ra
n
sv
er
se
 

fo
rc
e
V
 (
sh
ea
r 
fo
rc
e)
, 

an
d 
a 
co
u
pl
e 
M

(b
en
di
n
g 
m
om
en
t)
 t
o 

pr
ev
en
t 
ro
ta
ti
on
.

T
h
e 
re
su
lt
an
t 
of
 

gr
av
it
at
io
n
al

at
tr
ac
ti
on
 o
n
 a
ll
 

el
em
en
ts
 o
f 
a 
bo
dy
 o
f 

m
as
s
m
 is
 t
h
e 
w
ei
gh
t 

W
 =
 m
g 
an
d 
ac
ts
 

to
w
ar
d 
th
e 
ce
n
te
r 
of
 

th
e 
ea
rt
h
 t
h
ro
u
gh
 t
h
e 

ce
n
te
r 
m
as
s 
G
.

S
pr
in
g 
fo
rc
e 
is
 t
en
si
le
 

if
 s
pr
in
g 
is
 s
tr
et
ch
ed
 

an
d 
co
m
pr
es
si
ve
 if
 

co
m
pr
es
se
d.
 F
or
 a
 

li
n
ea
rl
y 
el
as
ti
c 
sp
ri
n
g 

th
e 
st
if
fn
es
s 
k 
is
 t
h
e 

fo
rc
e 
re
qu
ir
ed
 t
o 

de
fo
rm
 t
h
e 
sp
ri
n
g 
a 

u
n
it
 d
is
ta
n
ce
.

P
in
 f
re
e 
to
 t
u
rn

P
in
 n
ot
 f
re
e 
to
 t
u
rn

R
y

R
x

R
y

R
x

R

W
el
d

A
M

F

V

or

A

A

W
 =
 m
gF

G

m

F

x

F
 =
 k
x

H
ar
de
n
in
g

N
on
li
n
ea
r

L
in
ea
r

N
eu
tr
al

po
si
ti
on

S
of
te
n
in
g

F

x

F

x

θ

θ

M

Fi
g
ur
e
 3
/1
, c
o
nt
in
ue
d

جوش
A

A

یا

In
 F

ig
. 3

/1
, E

xa
m

pl
e 

1 
de

pi
ct

s 
th

e 
ac

ti
on

 o
f 

a 
fle

xi
bl

e 
ca

bl
e,

 b
el

t,
 r

op
e,

or
 c

ha
in

 o
n 

th
e 

bo
dy

 t
o 

w
hi

ch
 i

t 
is

 a
tt

ac
he

d.
 B

ec
au

se
 o

f 
it

s 
fle

xi
bi

lit
y,

 a
ro

pe
 o

r 
ca

bl
e 

is
 u

na
bl

e 
to

 o
ff

er
 a

ny
 r

es
is

ta
nc

e 
to

 b
en

di
ng

, 
sh

ea
r,

 o
r 

co
m

-
pr

es
si

on
 a

nd
 t

he
re

fo
re

 e
xe

rt
s 

on
ly

 a
 t

en
si

on
 fo

rc
e 

in
 a

 d
ir

ec
ti

on
 t

an
ge

nt
 t

o
th

e 
ca

bl
e 

at
 it

s 
po

in
t 

of
 a

tt
ac

hm
en

t.
 T

he
 f

or
ce

 e
xe

rt
ed

 b
y

th
e 

ca
bl

e 
on

th
e

bo
dy

 t
o 

w
hi

ch
 it

 is
 a

tt
ac

he
d 

is
 a

lw
ay

s 
aw

ay
fr

om
 t

he
 b

od
y.

 W
he

n 
th

e 
te

n-
si

on
T

is
 la

rg
e 

co
m

pa
re

d 
w

it
h 

th
e 

w
ei

gh
t 

of
 t

he
 c

ab
le

, w
e 

m
ay

 a
ss

um
e 

th
at

th
e 

ca
bl

e 
fo

rm
s 

a 
st

ra
ig

ht
 l

in
e.

 W
he

n 
th

e 
ca

bl
e 

w
ei

gh
t 

is
 n

ot
 n

eg
lig

ib
le

co
m

pa
re

d 
w

it
h 

it
s 

te
ns

io
n,

 t
he

 s
ag

 o
f 

th
e 

ca
bl

e 
be

co
m

es
 i

m
po

rt
an

t,
 a

nd
th

e 
te

ns
io

n 
in

 t
he

 c
ab

le
 c

ha
ng

es
 d

ir
ec

ti
on

 a
nd

 m
ag

ni
tu

de
 a

lo
ng

 it
s 

le
ng

th
.

W
he

n
 t

he
 s

m
oo

th
 s

ur
fa

ce
s 

of
 t

w
o 

bo
di

es
 a

re
 in

 c
on

ta
ct

, a
s 

in
 E

xa
m

-
pl

e 
2,

 t
he

 f
or

ce
 e

xe
rt

ed
 b

y 
on

e 
on

 t
he

 o
th

er
 i

s 
n

or
m

al
to

 t
he

 t
an

ge
n

t 
to

th
e 

su
rf

ac
es

 a
n

d 
is

 c
om

pr
es

si
ve

. 
A

lt
ho

ug
h 

n
o 

ac
tu

al
 s

ur
fa

ce
s 

ar
e 

pe
r-

11
2

C
h

a
p

te
r 3

Eq
u

ili
b

riu
m

M
O

D
E

L
IN

G
 T

H
E

 A
C

T
IO

N
 O

F
 F

O
R

C
E

S
 I

N
 T

W
O

-D
IM

E
N

S
IO

N
A

L
 A

N
A

L
Y

S
IS

 (
co

n
t.

)
T

yp
e 

of
 C

on
ta

ct
 a

n
d 

F
or

ce
 O

ri
gi

n

6.
P

in
 c

on
n

ec
ti

on

7.
B

u
il

t-
in

 o
r 

fi
xe

d 
su

pp
or

t

8.
G

ra
vi

ta
ti

on
al

 a
tt

ra
ct

io
n

9.
S

pr
in

g 
ac

ti
on

A
ct

io
n

 o
n

 B
od

y 
to

 B
e 

Is
ol

at
ed

A
 f

re
el

y 
h

in
ge

d 
pi

n
 

co
n

n
ec

ti
on

 is
 c

ap
ab

le
 

of
 s

u
pp

or
ti

n
g 

a 
fo

rc
e 

in
 a

n
y 

di
re

ct
io

n
 in

 t
h

e 
pl

an
e 

n
or

m
al

 t
o 

th
e 

pi
n

 a
xi

s.
 W

e 
m

ay
 

ei
th

er
 s

h
ow

 t
w

o 
co

m
po

n
en

ts
R

x 
an

d
R

y 
or

 a
 m

ag
n

it
u

de
 R

an
d 

di
re

ct
io

n
   

. A
 p

in
 

n
ot

 f
re

e 
to

 t
u

rn
 a

ls
o 

su
pp

or
ts

 a
 c

ou
pl

e 
M

.

A
 b

u
il

t-
in

 o
r 

fi
xe

d 
su

pp
or

t 
is

 c
ap

ab
le

 o
f 

su
pp

or
ti

n
g 

an
 a

xi
al

 
fo

rc
e

F
, a

 t
ra

n
sv

er
se

 
fo

rc
e

V
 (

sh
ea

r 
fo

rc
e)

, 
an

d 
a 

co
u

pl
e 

M
(b

en
di

n
g 

m
om

en
t)

 t
o 

pr
ev

en
t 

ro
ta

ti
on

.

T
h

e 
re

su
lt

an
t 

of
 

gr
av

it
at

io
n

al
at

tr
ac

ti
on

 o
n

 a
ll

 
el

em
en

ts
 o

f 
a 

bo
dy

 o
f 

m
as

s
m

 is
 t

h
e 

w
ei

gh
t 

W
 =

 m
g 

an
d 

ac
ts

 
to

w
ar

d 
th

e 
ce

n
te

r 
of

 
th

e 
ea

rt
h

 t
h

ro
u

gh
 t

h
e 

ce
n

te
r 

m
as

s 
G

.

S
pr

in
g 

fo
rc

e 
is

 t
en

si
le

 
if

 s
pr

in
g 

is
 s

tr
et

ch
ed

 
an

d 
co

m
pr

es
si

ve
 if

 
co

m
pr

es
se

d.
 F

or
 a

 
li

n
ea

rl
y 

el
as

ti
c 

sp
ri

n
g 

th
e 

st
if

fn
es

s 
k 

is
 t

h
e 

fo
rc

e 
re

qu
ir

ed
 t

o 
de

fo
rm

 t
h

e 
sp

ri
n

g 
a 

u
n

it
 d

is
ta

n
ce

.

P
in

 f
re

e 
to

 t
u

rn

P
in

 n
ot

 f
re

e 
to

 t
u

rn

R
y

R
x

R
y

R
x

R

W
el

d

A

M

F

V

or
A

A

W
 =

 m
g F

G
m

F
x

F
 =

 k
x

H
ar

de
n

in
g

N
on

li
n

ea
r

L
in

ea
r

N
eu

tr
al

po
si

ti
on

S
of

te
n

in
g

F

x

F

x

θ

θ

M

Fi
g

ur
e

 3
/1

, c
o

nt
in

ue
d

M

Ay

Ax

5/199 A fresh-water channel 10 ft wide (normal to the
plane of the paper) is blocked at its end by a rec-
tangular barrier, shown in section ABD. Support-
ing struts BC are spaced every 2 ft along the 10-ft
width. Determine the compression C in each strut.
Neglect the weights of the members.

Problem 5/199

5/200 A channel-marker buoy consists of an 8-ft hollow
steel cylinder 12 in. in diameter weighing 180 lb
and anchored to the bottom with a cable as shown.
If at high tide, calculate the tension T in
the cable. Also find the value of h when the cable
goes slack as the tide drops. The specific weight of
sea water is . Assume the buoy is weighted
at its base so that it remains vertical.

Problem 5/200
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5/197 The solid concrete cylinder 6 ft long and 4 ft in 
diameter is supported in a half-submerged position
in fresh water by a cable which passes over a fixed
pulley at A. Compute the tension T in the cable.
The cylinder is waterproofed by a plastic coating.
(Consult Table D/1, Appendix D, as needed.)

Problem 5/197

5/198 A block of wood in the form of a waterproofed 16-in.
cube is floating in a tank of salt water with a 6-in.
layer of oil floating on the water. Assume that the
cube floats in the attitude shown, and calculate the
height h of the block above the surface of the oil.
The specific weights of oil, salt water, and wood are
56, 64, and , respectively.
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51Problems 2.74 The angle between each of the springs AB and AC and the post 
DA is 30°. Knowing that the tension is 50 lb in spring AB and 40 lb 
in spring AC, determine the magnitude and direction of the resul-
tant of the forces exerted by the springs on the post at A.

 2.75 Determine the two possible values of uy for a force F, (a) if the 
force forms equal angles with the positive x, y, and z axes, (b) if 
the force forms equal angles with the positive y and z axes and an 
angle of 45° with the positive x axis.

 2.76 Knowing that the tension in AB is 39 kN, determine the required 
values of the tension in AC and AD so that the resultant of the 
three forces applied at A is vertical.

y

x

z

35°35°

A

C
D

B

h � 24 in.

  Fig. P2.74  

z

x

y

16 m

16 m

14 m

48 m

24 m

12 m

O
D

B

C

A

  Fig. P2.76 and P2.77    

bee80156_ch02_014-063.indd Page 51  9/29/09  9:33:55 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-02

51Problems 2.74 The angle between each of the springs AB and AC and the post 
DA is 30°. Knowing that the tension is 50 lb in spring AB and 40 lb 
in spring AC, determine the magnitude and direction of the resul-
tant of the forces exerted by the springs on the post at A.

 2.75 Determine the two possible values of uy for a force F, (a) if the 
force forms equal angles with the positive x, y, and z axes, (b) if 
the force forms equal angles with the positive y and z axes and an 
angle of 45° with the positive x axis.

 2.76 Knowing that the tension in AB is 39 kN, determine the required 
values of the tension in AC and AD so that the resultant of the 
three forces applied at A is vertical.

y

x

z

35°35°

A

C
D

B

h � 24 in.

  Fig. P2.74  

z

x

y

16 m

16 m

14 m

48 m

24 m

12 m

O
D

B

C

A

  Fig. P2.76 and P2.77    

bee80156_ch02_014-063.indd Page 51  9/29/09  9:33:55 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-02

T1

T2
T3

FBC

In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated

A freely hinged pin 
connection is capable 
of supporting a force 
in any direction in the 
plane normal to the 
pin axis. We may 
either show two 
components Rx and
Ry or a magnitude R
and direction   . A pin 
not free to turn also 
supports a couple M.

A built-in or fixed 
support is capable of 
supporting an axial 
force F, a transverse 
force V (shear force), 
and a couple M
(bending moment) to 
prevent rotation.

The resultant of 
gravitational
attraction on all 
elements of a body of 
mass m is the weight 
W = mg and acts 
toward the center of 
the earth through the 
center mass G.

Spring force is tensile 
if spring is stretched 
and compressive if 
compressed. For a 
linearly elastic spring 
the stiffness k is the 
force required to 
deform the spring a 
unit distance.
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Figure 3/1, continued
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4-3             محاسبه عکس العمل های تکیه گاهی اجسام صلب  
 )3-4( معادلات  شدن  آورده  بر  صلب  اجسام  تعادل  شرط  شد  گفته  که  همان طور 

می باشد و برای نیل به این هدف به صورت زیر عمل می نمائیم.
گام اول - ترسیم پیکر آزاد جسم 

ابتدا جسم را از تکیه گاه ها جدا نموده و با توجه به نوع تکیه گاه، عکس العمل های 
مربوطه را در محل تکیه گاه و در جهت دلخواه قرار می دهیم. به عنوان مثال پیکر آزاد تیر شکل 

)4-4-الف( به صورت شکل )4-4-ب( خواهد بود.

گام دوم - تجزیة نیروها 
تجزیه  آن  مؤلفه های  به  وجود  صورت  در  آزاد  پیکر  روی  را  مورب  نیروهای  همة 

می نمائیم. به عنوان مثال در شکل )4-4-ب( نیروی P به دو مؤلفة متعامد تجزیه شده است.
گام سوم - تشکیل معادلات و حل آن ها 

تعیین  )عکس العمل ها(  مسئله  مجهولات  آن ها  حل  و  تعادل  معادلات  تشکیل  با 
می شوند.
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5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

Figure 5/18
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عکس العمل های تکیه گاهی تیر زیر را به دست آورید .

گام اول: 
ترسیم پیکر آزاد جسم 

گام دوم: 
 P تجزیه نیروی

گام سوم : تشکیل معادلات تعادل وحل آنها

لازم به توضیح است که علامت منفی در جواب فوق به این معنی است که جهت صحیح 
عکس العمل Bx در پیکر آزاد تیر به سمت چپ می باشد

Ι رابطه
  ∑M =0معادله فوق دارای دو مجهول  بوده و قابل حل نمی باشد لذا از شرط سوم یعنی
که  شود  محاسبه  نقطه ای  به  نسبت  گشتاور  است  بهتر  معادله  این  در  و  می کنیم  استفاده 

 )B بیشترین مجهولات تکیه گاهی در آن نقطه متمرکز است )یعنی نقطه

حال با قرار دادن مقدار Ay در رابطه I خواهیم داشت:

x

y

P P.cos cos / kN

P P.sin sin kN

10 30 8 66
10 30 5

= θ = × =

= θ = × =





x x x x xF B P B / B / kN0 0 8 66 0 8 66
+

Σ = ⇒ + = ⇒ + = ⇒ = −

→

x x x x xF B P B / B / kN0 0 8 66 0 8 66
+

Σ = ⇒ + = ⇒ + = ⇒ = −

→

x x x x xF B P B / B / kN0 0 8 66 0 8 66
+

Σ = ⇒ + = ⇒ + = ⇒ = −

→

y y y y y y y y yF A B P A B P A B kN0 0 5+ ↑ Σ = ⇒ + − = ⇒ + = ⇒ + =

Ay By / By By / By / kN5 1 67 5 5 1 67 3 33+ = ⇒ + = ⇒ = − ⇒ =

B y y y y

y y

M A P A A

A A / kN
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SECTION BSPECIAL TOPICS

5/6Beams—External Effects
Beamsare structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the externalloading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internalforce and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples
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Continuous
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End-supported cantilever
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مثال 3
عکس العمل های تکیه گاهی را در خرپای شکل زیر به دست آورید. 
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4/7 Determine the force in each member of the loaded
truss. Make use of the symmetry of the truss and of
the loading.

Problem 4/7

4/8 Determine the force in each member of the loaded
truss.
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4/9 Determine the force in each member of the loaded
truss.
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4/10 Calculate the force in each member of the loaded
truss.

Problem 4/10

4/11 Determine the forces in members AB, BC, and BD
of the loaded truss.

Problem 4/11

Representative Problems

4/12 Determine the force in each member of the loaded
truss. All triangles are isosceles.
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عکس العمل های تکیه گاهی تیر ABC را به دست آورید.
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Case 3—Both elements have yielded. In this case both elements have yielded, and
the appropriate material behavior equations (replacing Eqs. 3.34 and 3.36) are:

(3.37)

Combining these with the equilibrium equation, Eq. 3.32, we get the value of the
plastic load PP.

Plastic Load (3.38)

This plastic load is reached when member 1 also yields, so equating the strain in
member 1 to �Y/E, we get

(e)

or

(f)

Note that

(g,h)

The above elastic-plastic analysis is summarized on the load-displacement diagram
in Fig. 3.29, with the ranges of applicability of the three cases indicated on the plot.
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The two support rods in Fig. 1 are made of structural steel that may be
assumed to have a stress-strain diagram like Fig. 3.28b, with E � 30(103)

Fig. 1

A1 = A2 = 1.0 in2

50 in. 50 in. 50 in.

50 in.

80 in.

E

A B C D

F

(1)

(2)

Rigid

P (kips)

 c03AxialDeformation.qxd  8/31/10  7:46 PM  Page 201

F=600N

D

B

3m 2m

A C

میله



57

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

x x

y y BD y BD

A BD BD

y BD y y

F A

F A F A F N

M F F N

A F A A N

0 0

0 600 0 600

0 600 5 3 0 1000

600 1000 600 0 400

+

+

+

Σ = ⇒ =

↑ Σ = ⇒ + − = ⇒ + =

Σ = ⇒ × − × = ⇒ =

+ = ⇒ + = = ⇒ = − ↓

→

Ι رابطه

از رابطه Ι  داریم:

x x

y y BD y BD

A BD BD

y BD y y

F A

F A F A F N

M F F N

A F A A N

0 0

0 600 0 600

0 600 5 3 0 1000

600 1000 600 0 400

+

+

+

Σ = ⇒ =

↑ Σ = ⇒ + − = ⇒ + =

Σ = ⇒ × − × = ⇒ =

+ = ⇒ + = = ⇒ = − ↓

→

x x

y y BD y BD

A BD BD

y BD y y

F A

F A F A F N

M F F N

A F A A N

0 0

0 600 0 600

0 600 5 3 0 1000

600 1000 600 0 400

+

+

+

Σ = ⇒ =

↑ Σ = ⇒ + − = ⇒ + =

Σ = ⇒ × − × = ⇒ =

+ = ⇒ + = = ⇒ = − ↓

→

x x

y y BD y BD

A BD BD

y BD y y

F A

F A F A F N

M F F N

A F A A N

0 0

0 600 0 600

0 600 5 3 0 1000

600 1000 600 0 400

+

+

+

Σ = ⇒ =

↑ Σ = ⇒ + − = ⇒ + =

Σ = ⇒ × − × = ⇒ =

+ = ⇒ + = = ⇒ = − ↓

→

Case 3—Both elements have yielded. In this case both elements have yielded, and
the appropriate material behavior equations (replacing Eqs. 3.34 and 3.36) are:

(3.37)

Combining these with the equilibrium equation, Eq. 3.32, we get the value of the
plastic load PP.

Plastic Load (3.38)

This plastic load is reached when member 1 also yields, so equating the strain in
member 1 to �Y/E, we get

(e)

or

(f)

Note that

(g,h)

The above elastic-plastic analysis is summarized on the load-displacement diagram
in Fig. 3.29, with the ranges of applicability of the three cases indicated on the plot.
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The two support rods in Fig. 1 are made of structural steel that may be
assumed to have a stress-strain diagram like Fig. 3.28b, with E � 30(103)
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گام اول: 
 ABC ترسیم پیکر آزاد تیر

چون عضو BD میله است و با توجه به این که در تکیه گاه میله ای عکس العمل تکیه گاهی، 
در راستای میله می باشد، خواهیم داشت:

گام دوم: 
تشکیل معادلات تعادل

عکس العمل  جهت   ،Ay مقدار  در  منفی  علامت  به  توجه  با 

(خواهد بود. تکیه گاهی Ay به طرف پایین)

ABC پیکر آزاد تیر

م مربوط به این موضوع را ببینید.
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1- پیکر آزاد هر کدام از شکل های زیر را رسم نمائید.
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3/B In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and either
a wrong or an incomplete free-body diagram (FBD) is
shown on the right. Make whatever changes or addi-
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tions are necessary in each case to form a correct and
complete free-body diagram. The weights of the bod-
ies are negligible unless otherwise indicated. Dimen-
sions and numerical values are omitted for simplicity.

Problem 3/B
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PLawn roller of 
mass m being
pushed up 
incline .

5. Bent rod welded to
support at A and 
subjected to two 
forces and couple.

4. Supporting angle
bracket for frame;
pin joints.

3. Uniform pole of 
mass m being
hoisted into posi-
tion by winch.
Horizontal sup-
porting surface
notched to prevent
slipping of pole.

2. Prybar lifting
body A having
smooth horizontal 
surface. Bar rests 
on horizontal 
rough surface.
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Notch
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necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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3/A In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are

Problem 3/A

1. Bell crank
    supporting mass
    m with pin support
    at A.

2. Control lever
    applying torque

to shaft at O.

3. Boom OA, of
    negligible mass

compared with
    mass m. Boom
    hinged at O and
    supported by
    hoisting cable at B.

4. Uniform crate of
    mass m leaning
    against smooth
    vertical wall and
    supported on a 
    rough horizontal
    surface.

5. Loaded bracket
    supported by pin

connection at A and
    fixed pin in smooth
    slot at B.

Body Incomplete FBD
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L

necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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خلاصة فصل
• مفهوم تعادل آن است که ذره یا جسم مادی هیچ گونه حرکت و یا چرخشی نداشته باشد.

• شرط تعادل نقطه مادی آن است که برآیند نیروهای وارد بر آن صفر باشد یعنی:

x

y

F
F

F

0
0

0

∑ =∑ = ⇒ 
∑ =







X

Y

F
F
M

0
0
0

Σ = ←
Σ = ←
Σ = ←

• هرگاه جسم یا نقطه مادی را از محیط اطراف خود جدا و نیروهای وارد بر آن ها را در 
راستاهای موجود نمایش دهیم، پیکر آزاد جسم و یا نقطه مادی را ترسیم نموده ایم.

• شرایط تعادل جسم صلب عبارت است از:

• برای تعیین عکس العمل های تکیه گاهی از معادلات تعادل جسم صلب و یا نقطة مادی 
استفاده می شود.
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SECTION B SPECIAL TOPICS

5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

Figure 5/18
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 2.32 through 2.35 Two cables are tied together at C and loaded 
as shown. Determine the tension in AC and BC.

 2.36 Two cables are tied together at C and loaded as shown. Knowing 
that P 5 500 N and a 5 60°, determine the tension in AC
and BC.
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necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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FREE-BODY DIAGRAM EXERCISES

3/A In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are

Problem 3/A

1. Bell crank
    supporting mass
    m with pin support
    at A.

2. Control lever
    applying torque

to shaft at O.

3. Boom OA, of
    negligible mass

compared with
    mass m. Boom
    hinged at O and
    supported by
    hoisting cable at B.

4. Uniform crate of
    mass m leaning
    against smooth
    vertical wall and
    supported on a 
    rough horizontal
    surface.

5. Loaded bracket
    supported by pin

connection at A and
    fixed pin in smooth
    slot at B.

Body Incomplete FBD
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4- مقدار TA و TB را طوری تعیین کنید که تعادل در اتصال شکل زیر برقرار باشد.

39Problems 2.37 Two forces of magnitude TA 5 8 kips and TB 5 15 kips are applied 
as shown to a welded connection. Knowing that the connection is in 
equilibrium, determine the magnitudes of the forces TC and TD.

 2.38 Two forces of magnitude TA 5 6 kips and TC 5 9 kips are applied 
as shown to a welded connection. Knowing that the connection is in 
equilibrium, determine the magnitudes of the forces TB and TD.

 2.39 Two forces of magnitude TA 5 5000 N and TB 5 2500 N are 
applied as shown to the connection shown. Knowing that the con-
nection is in equilibrium, determine the magnitudes of the forces 
TC and TD.

 2.40 Determine the range of values of P for which both cables remain 
taut.

 2.41 For the cables of Prob. 2.36, it is known that the maximum allow-
able tension is 600 N in cable AC and 750 N in cable BC. Deter-
mine (a) the maximum force P that can be applied at C, (b) the 
corresponding value of a.

 2.42 Two ropes are tied together at C. If the maximum permissible 
tension in each rope is 2.5 kN, what is the maximum force F that 
can be applied? In what direction must this maximum force act?

40° TB

TD

TC

TA

Fig. P2.37 and P2.38
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B C

120 lb

Fig. P2.40
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Fig. P2.42
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TC=200kN

TA TD=180kN

TB 30°

3- مقدار نیروی F  و زاویة θ را طوری تعیین کنید که ذرة مادی P در حال تعادل باشد.
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5- عکس العمل های تکیه گاهی را در شکل های زیر به دست آورید. 
) mg

s210= (
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146 Equilibrium of Rigid Bodies  4.12 The lever AB is hinged at C and attached to a control cable at A. 
If the lever is subjected at B to a 500-N horizontal force, determine 
(a) the tension in the cable, (b) the reaction at C.

 4.13 Determine the reactions at A and B when a 5 608.

250 mm

250 mm

200 mm

C

B

D

A

500 N

30º

 Fig. P4.12

250 mm

A

B

300 mm

250 mm

400 N

α

 Fig. P4.13

 4.14 The required tension in cable AB is 300 lb. Determine (a) the 
vertical force P that must be applied to the pedal, (b) the corre-
sponding reaction at C.

12 in.3 in.

5 in. P

A B

C

D

 Fig. P4.14 and P4.15

 4.15 Determine the maximum tension that can be developed in cable 
AB if the maximum allowable magnitude of the reaction at C is 
650 lb.

 4.16 A truss may be supported in three different ways as shown. In each 
one, determine the reactions at the supports.

2 kN

3 kN

2 kN

1.5 m

1.5 m

2 m

(a)

BA

2 kN

3 kN

2 kN

(b)

BA

(c)

30�

2 kN

3 kN

2 kN

BA

 Fig. P4.16
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= 60°

3m

2/5 m 2/5 m

400 N

SOLUTION

Free-Body Diagram. A free-body diagram of the crane is drawn. By mul-
tiplying the masses of the crane and of the crate by g 5 9.81 m/s2, we obtain 
the corresponding weights, that is, 9810 N or 9.81 kN, and 23 500 N or 
23.5 kN. The reaction at pin A is a force of unknown direction; it is repre-
sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.

Determination of B. We express that the sum of the moments of all external 
forces about point A is zero. The equation obtained will contain neither Ax 
nor Ay, since the moments of Ax and Ay about A are zero. Multiplying the 
magnitude of each force by its perpendicular distance from A, we write

1loMA 5 0:  1B(1.5 m) 2 (9.81 kN)(2 m) 2 (23.5 kN)(6 m) 5 0
 B 5 1107.1 kN B 5 107.1 kN n ◀

Since the result is positive, the reaction is directed as assumed.

Determination of Ax. The magnitude of Ax is determined by expressing 
that the sum of the horizontal components of all external forces is zero.

n1 oFx 5 0:  Ax 1 B 5 0
 Ax 1 107.1 kN 5 0
 Ax 5 2107.1 kN  Ax 5 107.1 kN m ◀

Since the result is negative, the sense of Ax is opposite to that assumed 
originally.

Determination of Ay. The sum of the vertical components must also equal 
zero.

1hoFy 5 0:   Ay 2 9.81 kN 2 23.5 kN 5 0
 Ay 5 133.3 kN Ay 5 33.3 kN h ◀

 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write

1loMB 5 2(9.81 kN)(2 m) 2 (23.5 kN)(6 m) 1 (107.1 kN)(1.5 m) 5 0

SAMPLE PROBLEM 4.1

A fixed crane has a mass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A and a rocker at B. The center of gravity of 
the crane is located at G. Determine the components of the reactions at A 
and B.

2400 kg
A

B

G

4 m2 m

1.5 m

A

BB

23.5 kN

Ay

Ax

9.81 kN

1.5 m

4 m2 m

33.3 kN

107.1 kN

107.1 kN

A

B

23.5 kN

9.81 kN

4 m2 m

1.5 m

140
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and B.
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 free-body diagram
 of the crane is draw

n. B
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tiplying the m

asses of the crane and of the crate by g 5
 9.81 m

/s 2, w
e obtain 

the corresponding w
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 or 9.81 kN
, and 23 500 N

 or 
23.5 kN

. T
he reaction at pin A

 is a force of unknow
n direction; it is repre-
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ponents A

x  and A
y . T

he reaction at the rocker B
 is per-

pendicular to the rocker surface; thus, it is horizontal. W
e assum

e that A
x , 

A
y , and B

 act in the directions show
n.

D
eterm
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W

e express that the sum
 of the m

om
ents of all external 

forces about point A
 is zero. T

he equation obtained w
ill contain neither A

x  
nor A

y , since the m
om

ents of A
x  and A

y  about A
 are zero. M

ultiplying the 
m

agnitude of each force by its perpendicular distance from
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, w
e w

rite
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)(2 m
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Since the result is positive, the reaction is directed as assum
ed.
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that the sum
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SOLUTION

Free-Body Diagram. A free-body diagram of the crane is drawn. By mul-
tiplying the masses of the crane and of the crate by g 5 9.81 m/s2, we obtain 
the corresponding weights, that is, 9810 N or 9.81 kN, and 23 500 N or 
23.5 kN. The reaction at pin A is a force of unknown direction; it is repre-
sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.

Determination of B. We express that the sum of the moments of all external 
forces about point A is zero. The equation obtained will contain neither Ax 
nor Ay, since the moments of Ax and Ay about A are zero. Multiplying the 
magnitude of each force by its perpendicular distance from A, we write

1loMA 5 0:  1B(1.5 m) 2 (9.81 kN)(2 m) 2 (23.5 kN)(6 m) 5 0
 B 5 1107.1 kN B 5 107.1 kN n ◀

Since the result is positive, the reaction is directed as assumed.

Determination of Ax. The magnitude of Ax is determined by expressing 
that the sum of the horizontal components of all external forces is zero.

n1 oFx 5 0:  Ax 1 B 5 0
 Ax 1 107.1 kN 5 0
 Ax 5 2107.1 kN  Ax 5 107.1 kN m ◀

Since the result is negative, the sense of Ax is opposite to that assumed 
originally.

Determination of Ay. The sum of the vertical components must also equal 
zero.

1hoFy 5 0:   Ay 2 9.81 kN 2 23.5 kN 5 0
 Ay 5 133.3 kN Ay 5 33.3 kN h ◀

 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write

1loMB 5 2(9.81 kN)(2 m) 2 (23.5 kN)(6 m) 1 (107.1 kN)(1.5 m) 5 0

SAMPLE PROBLEM 4.1

A fixed crane has a mass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A and a rocker at B. The center of gravity of 
the crane is located at G. Determine the components of the reactions at A 
and B.

2400 kg
A

B

G

4 m2 m

1.5 m

A

BB

23.5 kN

Ay

Ax

9.81 kN

1.5 m

4 m2 m

33.3 kN

107.1 kN

107.1 kN

A

B

23.5 kN

9.81 kN

4 m2 m

1.5 m
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Since the result is positive, the reaction is directed as assum
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146 Equilibrium of Rigid Bodies  4.12 The lever AB is hinged at C and attached to a control cable at A. 
If the lever is subjected at B to a 500-N horizontal force, determine 
(a) the tension in the cable, (b) the reaction at C.

 4.13 Determine the reactions at A and B when a 5 608.

250 mm

250 mm

200 mm

C

B

D

A

500 N

30º

 Fig. P4.12

250 mm

A

B

300 mm

250 mm

400 N

α

 Fig. P4.13

 4.14 The required tension in cable AB is 300 lb. Determine (a) the 
vertical force P that must be applied to the pedal, (b) the corre-
sponding reaction at C.

12 in.3 in.

5 in. P

A B

C

D

 Fig. P4.14 and P4.15

 4.15 Determine the maximum tension that can be developed in cable 
AB if the maximum allowable magnitude of the reaction at C is 
650 lb.

 4.16 A truss may be supported in three different ways as shown. In each 
one, determine the reactions at the supports.

2 kN

3 kN

2 kN

1.5 m

1.5 m

2 m

(a)

BA

2 kN

3 kN

2 kN

(b)

BA

(c)

30�

2 kN

3 kN

2 kN

BA

 Fig. P4.16
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